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Controllable optical negative refraction and phase
conjugation in graphite thin films
Hayk Harutyunyan1,2 , Ryan Beams1 and Lukas Novotny1,3 *
Optical metamaterials have demonstrated remarkable physical
properties, including cloaking, optical magnetism and negative
refraction1–3 . The last of these has attracted particular
interest, mainly because of its promise for super-resolution
imaging4–6 . However, the widespread use of negative refraction
at optical frequencies is challenged by high losses and strong
dispersion effects, which typically limit operation to narrow
frequency bands7 . Here we use degenerate four-wave mixing
to demonstrate controllable negative refraction at a graphite
thin film, which acts as a highly efficient phase-conjugating
surface. The scheme has very low loss because of the negligible
thickness of the nonlinear material and it ensures broadband
operation due to the linear band structure of graphene.
Negative refraction has been demonstrated with plasmonic
materials8,9 and with discrete nonlinear elements10 , but these
approaches suffer from high losses and strong dispersion, which
restricts operation at optical frequencies to narrow frequency
bands7 . As an alternative approach, it was proposed that a phaseconjugating surface can act as an analogue of a negative-index
material boundary and reverse the phase of the electromagnetic
fields. By combining a pair of such closely spaced surfaces it is
possible to mimic the silver slab originally proposed in ref. 4 and to
achieve diffraction-free super-resolution imaging11 .
Phase conjugation has been used in optics for many decades
to recover a beam profile that has been distorted by passing
through a perturbative medium12 . Realization of phase conjugation
is based on degenerate four-wave mixing, in which two counterpropagating beams are used to write a holographic grating
into a nonlinear crystal, while a third beam is diffracted in a
direction exactly opposite to the incident wave. The phase of the
diffracted beam is reversed, which is analogous to time-reversed
propagation11 . Typically, phase conjugation is employed to control
the field that is reflected from the surface of a nonlinear medium.
Here, we use phase conjugation to control the transmitted, that
is, negatively refracted field. To achieve negative refraction, wave
propagation in the nonlinear medium has to be negligible, which
requires a nonlinear medium of vanishing thickness, such as a
graphite thin film (Supplementary Information).
The demonstration of phase conjugation in a two-dimensional
system is challenging because the nonlinearity is reduced to a single
sheet and because all light fields are of the same frequency, which
makes the discrimination of linearly scattered background fields
difficult. To circumvent these problems, multi-frequency excitation
can be used13 . However, then the refracted beam emerges at a
different frequency than the incident signal beam, which destroys
any phase relation between input and output. Phase conjugation is
not possible with such an approach. In contrast, by using a graphite

thin film we are able to achieve negative refraction through phase
conjugation, that is, by reversing the phase of the signal beam.
A graphite thin film forms an efficient phase-conjugating
surface. Graphene’s third-order nonlinear susceptibility has been
shown to be two orders of magnitude larger than that of gold14
and its atomic smoothness greatly suppresses undesired surface
scattering. The high nonlinearity of graphene combined with its
relatively low absorption makes it a very attractive optical material
for two-dimensional phase conjugation.
As shown in Fig. 1a, a negatively refracting lens is generated
by illuminating a graphite thin film with two counter-propagating
pump beams E1 exp(ik1 ·r) and E2 exp(ik2 ·r) of angular frequency
ω. A signal beam E3 exp (ik3 ·r) of the same frequency is then
refracted at the holographic grating written by the two pump beams.
This process can be described by a third-order surface nonlinearity
χ (3) that gives rise to nonlinear surface polarization12
P(3) (ω) = ε0 χ (3) (ω;ω,ω,−ω)E1 exp(ik1 r)
× E2 exp(ik2 r)E∗3 exp(−ik3 r)
For counter-propagating pump beams we have k1 + k2 = 0 and
hence P(3) = P0 exp(−ik3 r) = P0 exp(−ik sinθ3 x), where ksinθ3 is the
projection of wave vector k3 on the graphite surface. The nonlinear
surface polarization P(3) gives rise to a secondary field
 (1)
E0 exp(−ik1 sinθ3 x + ik1 cosθ3 z) z > 0
E4 =
(1)
E(2)
0 exp(−ik1 sinθ3 x − ik1 cosθ3 z) z < 0
with amplitudes E(i)
0 that are determined by P0 . As P0 is proportional
to the conjugate of E3 , the secondary field is the phase conjugate of
the signal beam. According to equation (1), the graphite thin film
yields not only a phase-conjugate reflected wave that propagates
against the incident signal beam, but also a negatively refracted
beam, which is a direct consequence of the vanishing thickness of
the nonlinear medium.
To verify negative refraction as predicted by equation (1) we
have performed the experiment illustrated in Fig. 1. The output of a
mode-locked Ti:sapphire laser with centre wavelength 800 nm and
pulse duration of 200 fs is split into three beams, each of which
is focused on the sample from a different angle of incidence. The
focal spots of the three beams are overlapped on a graphite thin
film sandwiched between two glass hemispheres. A low-numericalaperture multi-mode fibre picks up the refracted light and sends
it to a photodetector. To increase the signal-to-noise ratio and
reject spuriously scattered light, the intensity of one of the beams
is modulated with an optical chopper and the detected signal is
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demodulated with a lock-in amplifier. The temporal overlap of the
laser pulses has been optimized by adjusting the optical path length
of the beams and observing the blueshifted multi-photon excited
emission from the graphite thin film15,16 .
Samples of graphite thin films were prepared on a fusedsilica glass slide by micromechanical cleavage17 . Suitable flakes
were identified with an optical microscope and subsequently
characterized by confocal transmission microscopy. The thickness
and quality of the graphite films were determined by atomic force
microscopy. Graphite flakes consisting of ∼20 atomic graphene
layers were selected because they provide the best compromise
between nonlinear signal generation and absorption14,18 . However,
we have verified that negative refraction can also be measured on
graphite thin films with fewer layers (Supplementary Information).
The selected flakes have a lateral size that is significantly larger
than the laser spot sizes of ∼10 µm. A drop of immersion oil is
deposited on top of the flake and a second fused-silica glass slide
is placed over it. Finally, sub-hemispherical solid immersion lenses
(SIL) are bonded to each of the two glass slides and centred over the
graphite thin film to ensure that sample rotation does not affect the
alignment of the excitation beams (Fig. 1). The sample is then fixed
on a rotation stage that is used for tuning the angles of incidence
θi of the excitation beams. The rotation stage is supported by a
translation stage for positioning the flake into the focal region of
the excitation beams.
Figure 2 shows our experimental results. The refracted intensity
exhibits a resonance at θ3 − θ4 ≈ 0◦ ; that is, the signal beam is
refracted in the negative direction as predicted by equation (1). The
angular width of the measured curve is defined by the numerical
aperture of the external focusing lenses. The signal disappears if one
of the excitation beams is delayed in time (curve at the bottom in
Fig. 2a). The remaining linear background signal originates from
reflections from the outer SIL surfaces.
The dependence of the negatively refracted intensity on the time
delay of the signal beam is explicitly shown in Fig. 2b. Here, the
sample rotation angle is fixed at θ3 − θ4 = 0◦ and the signal beam is
delayed by adjusting the path length using a translation stage. The
resulting signal pulses exhibit a mean pulse duration of ∼3 ps, which
is more than an order of magnitude longer than the duration of the
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Figure 1 | Illustration of the experiment. Two pump beams (blue arrows)
are focused on a graphite thin film (honeycomb lattice) at angles θ1 = θ2
writing a holographic grating. The signal beam (lower red arrow) is
refracted in the negative direction (upper red arrow) and is detected by a
photodetector. The graphite thin film is sandwiched between two
hemispherical SILs to ensure that sample rotation does not affect the
beam alignment.
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Figure 2 | Experimental verification. a, The intensity of the refracted light
exhibits a peak at θ4 ≈ θ3 , in agreement with negative refraction. The grey
curve is a control measurement obtained by time-delaying the laser pulses
of one of the pump beams. b, Negatively refracted signal intensity at
θ3 = θ4 as a function of time delay of the signal beam laser pulses.

initial laser pulses. The increased width is the result of dispersion;
that is, the pulses get stretched in time as they travel through
the experiment. This has been indeed confirmed by measuring
the autocorrelation function of the pulses using the multi-photon
excited luminescence as a signal (data not shown). For 10 mW
of laser power in each of the excitation beams, the efficiency of
negative refraction is found to be 0.1%, which is remarkably high
for a nonlinear process. The efficiency can be improved with higher
laser powers and tighter focusing, approaching unity for realistic
intensity levels. For example, focusing the incident beams to spots
of ∼600 nm or compressing the pulse durations at the sample to
100 fs will provide sufficiently high intensities for unity conversion,
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The scheme provides all-optical control of negative refraction,
which can be exploited for many optoelectronic applications.
Using graphite thin films as an interface material ensures low-loss
operation and virtually unlimited bandwidth.
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Figure 3 | Polarization dependence of negatively refracted signal. The
polarization of one pump beam is rotated while the polarizations of the
other pump beam and the signal beam are fixed at 0◦ (s-polarization). A
polarizer in the detection path selects the s-polarized component of the
negatively refracted signal.

while keeping the power densities well below the damage threshold
of graphite thin films19 . Note that the efficiency of signal conversion
does not depend on how the intensity is distributed among the
incident laser beams. Therefore, by significantly increasing the
power of the pump beams we can reach unity conversion with much
lower signal beam intensities.
The polarization of the negatively refracted signal is defined by
the polarizations of signal and pump beams and the symmetry
of the χ (3) nonlinear susceptibility tensor of graphite thin films.
We have measured this polarization dependence by sending the
signal and pump beams through waveplates to rotate the incident
polarizations and placing a polarizer in front of the detector to
analyse the polarization of the refracted beam. The data in Fig. 3
show the measurement outcome of rotating the polarization of
one of the pump beams while keeping the other beams in the
s-polarized state. Evidently, the signal is at a maximum when
the pump beam is s-polarized as well, implying that the thirdorder nonlinearity of graphite thin films is associated with inplane fields18 . Similar measurements can be performed with other
polarizer settings to trace out the components of the χ (3) tensor
of graphite thin films.
As the nonlinear response of graphite thin films is driven by
(3)
in-plane fields, the tensor components χijkl
are non-zero only if
i,j,k,l ∈ {x,y}. Furthermore, taking into account the D6v symmetry
of graphene the number of non-zero tensor elements is reduced to
8, of which only 3 are independent12 . The maxima of the curve in
(3)
Fig. 3 are proportional to χxxxx
, whereas the minima indicate that
(3)
χxxyx
is zero (after subtraction of background). With other polarizer
settings we can trace out other tensor components. The highest
(3)
(3)
(3)
values are found for χxxxx
and χyyyy
. Mixed terms such as χyxyx
or
(3)
χyyxx are smaller by roughly a factor of 1/3, and terms with only
(3)
(3)
one x or one y index, for example, χyxxx
or χyyxy
, are zero. We have
also measured the dependence of the signal intensity on excitation
power and confirmed that the negatively refracted signal depends
linearly on the power of each excitation beam (data not shown).
Our experimental results are the first demonstration of optical
negative refraction based on phase conjugation and time-reversal.
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I.

THICKNESS OF GRAPHENE SAMPLES

The thickness of the graphene ﬂakes used in our experiments is chosen such that negative
refraction is maximized. The only physical restriction is that the thickness has to be considerably
smaller than the wavelength of light. As it has been shown theoretically (Physica E 44 924, 2012)
and experimentally (Phys. Rev. Lett. 105, 097401, 2010) samples with about 20 graphene layers
are optimal for nonlinear signal generation. The reasons for this are: 1) refection of incident light
reduces the penetration into the material and hence the nonlinear signal conversion efﬁciency, and
2) nonlinear signal generation inside a thick graphene sample leads to reabsorption of the signal.
Having more than one graphene layer does not affect the broadband nature of negative refraction
since the bandstructure of multilayer graphene maintains its semimetallic character (Rev. Mod.
Phys. 81, 109, 2009).
As shown in Fig. S1, negative refraction can be measured on samples with fewer graphene
layers, but with reduced efﬁciency (for the same input power levels).

II. IMAGING OF GRAPHENE SAMPLES

Fig. S2 shows images of the graphene ﬂake that was used for the results in the main
text. The left image of Fig. S2 shows the spot sizes of pump and signal beams (bright spot)
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FIG. S1: Negative refraction from a 8-layer graphene sample. The ﬁgure shows the intensity of the negatively refracted
signal as a function of the time delay between the pump pulses.

relative to the size of the ∼18-layer graphene ﬂake (dark area). The bright spot corresponds to
multiphoton-excited visible emission from graphene (see e.g. Phys. Rev. Lett. 105, 127404,
2010). It was recorded by inserting a short-pass ﬁlter in front of the imaging CCD camera to reject
linearly scattered laser light. To visualize the ﬂake (dark area) we have used additional bright-ﬁeld
illumination with a halogen lamp.
The right image in Fig. S2 is a confocal raster-scan image of the same ﬂake. The intensity
reﬂects the absorption rate. To acquire the image a HeNe laser with wavelength of 633nm was
focused on the sample surface using a low (0.4) numerical aperture objective of an inverted
microscope. A photodiode was placed on top of the sample to measure the intensity of the laser
light transmitted through the sample.

III.

FIELDS GENERATED BY A CURRENT SHEET

The two-dimensional nature of the nonlinear sample is crucial for achieving negative refraction.
The incident ﬁelds (two pump and one signal) generate a nonlinear polarization P according to

2
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50 um

FIG. S2: Images of the ∼18-layer graphene sample used in the main text. Left: Spot sizes of excitation beams (bright
spot) relative to the size of the graphene ﬂake (dark area). Right: Confocal raster-scan image reﬂecting the absorption
of the ∼18-layer graphene sample.

equation (1) in the main text. The nonlinear polarization acts then as a secondary current source
(current sheet), giving rise to a radiated electric ﬁeld that propagates in direction of negative
refraction.
In the following we derive the ﬁelds generated by the current sheet and show that the ﬁelds
are indeed radiated in direction of negative refraction. This effect cannot be achieved with a
three-dimensional material, since degenerate 4WM in such materials gives rise to a reﬂected
signal beam only.
We assume that the graphene sheet is in the (x, y) plane, that is at z = 0. The ﬁeld generated
←
→
by the surface polarization P(r′ ) can be expressed in terms of the Green’s function G as


 
ık|r−r′ |
2 1
←
→
←
→
ω
e
1
ω2 1
P(r′ ) da′ .
G (r, r′ ) P(r′ ) da′ = 2
(1)
[ I + 2 ∇∇]
E(r) = 2
c ε0
c ε0
k
4π|r − r′ |
surface

surface

Using the Weyl identity
′

ı
eık|r−r |
= 2
′
4π|r − r |
8π



∞

−∞

′

′

′

eıkx (x−x )+ıky (y−y )+ıkz |z−z |
dkx dky ,
kz

(2)

we can rewrite the ﬁeld as
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←
→ kk 1 ıkx (x−x′ )+ıky (y−y′ )+ıkz |z−z ′ |
[I − 2]
e
P(x′ , y ′ )dx′ dy ′ dkx dky
k kz

←
→ kk 1
[I − 2]
k kz
−∞

�

′

′

′

P(x′ , y ′ ) eıkz |z−z | eıkx (x−x )+ıky (y−y ) dx′ dy ′ dkx dky .

(3)

(4)

surface

Using a substitution of variables x̃ = x − x′ , ỹ = y − y ′ , we can express the inner integral as
�
′
P(x − x̃, y − ỹ) eıkz |z−z | eıkx x̃+ıky ỹ dx̃dỹ .

(5)

surface

As discussed in the main text, the two pump beams E1 and E2 are counter propagating and hence
k1 + k2 = 0. The signal beam E3 is incident from below and propagates in direction k3 = [k˜x , 0, k˜z ],
giving rise to an in-plane polarization of (c.f. Eq. 1 in main text)
˜

˜

′

(6)

P(x′ , y ′ ) = P0 e−ıkx x −→ P(x − x̃, y − ỹ) = P0 e−ıkx (x−x̃) .
The minus sign in the exponent follows from conjugation.

Inserting into the inner integral gives
� ∞
� ∞
�
˜
ıky ỹ
ıkz |z−z ′ | ıkx x̃+ıky ỹ
ıkz |z−z ′ | −ık˜x x
eı(kx −kx )x̃ dx̃ .
P(x − x̃, y − ỹ) e
e
dx̃dỹ = P0 e
e
e
dỹ
� � −∞ ��
�
� −∞ ��
surface
2πδ(ky )

2πδ(kx −k˜x )

(7)

After inserting into the expression for the electric ﬁeld we obtain
=0

E(r) =

=

ω2
c2

1
2ε0

��

∞

−∞

� �� �
′
→ kk
1 ←
ıkz |z − z | −ık˜x x
[ I − 2 ] P0 e
δ(ky ) δ(kx − k˜x ) dkx dky
e
kz
k

ω2 1 1 k ←
→ kk
˜
[ I − 2 ] P0 e−ıkx x+ıkz z
c2 2ε0 k kz
k

where k = (−k˜x , 0, kz ) .

(8)
(9)

The term in brackets deﬁnes a tensor


˜2
˜
1 − kkx2 0 kxkk2 z

→ kk
k 
k ←
 0
[I − 2] =
1
0 

 .
kz
k
kz
2
˜
˜
kx kz
0 1 − kkz2
k2

4

(10)
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For graphene, the nonlinear polarization is in the plane of the graphene sheet, that is,


P0x






P0 = 
P0y 
0

(11)

and hence


˜2
(1 − kkx2 ) P0x
 −ık˜ x+ık˜ z
1 ω k 
z

e x
.
E(r) =
P0y


2ε0 c kz
k˜x kz
P0x
k2

(12)

Let us denote the ﬁelds above and below the graphene sheet as E↑ and E↓ , respectively. It follows
that

E↑ (r) =



kz P0x




1 
 P0  e−ık˜x x+ıkz z
y 

2ε0
k˜x P0x

and

E↓ (r) =



kz P0x




1 
 P0  e−ık˜x x−ıkz z .
y


2ε0
˜
−kx P0x

(13)

The minus sign in front of k˜x in the exponents shows that the current sheet not only generates
ﬁelds that propagate in the opposite direction to the incident signal beam (E↓ ) but also in direction
of negative refraction (E↑ ).
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