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New technologies are emerging that capture and redirect sunlight inside solar cells. This type of light man-
agement can significantly increase efficiency, but the device behavior will fundamentally depend on the
spatial coherence of the incoming light. This dependence calls for a complete characterization of the spatial
coherence of sunlight. Here, we present the first spectral measurements of the spatial degree of coherence of
direct, diffuse, and simulated sunlight. An expression is derived for both the cross-spectral density and the
spatial degree of coherence in an arbitrarily oriented device plane, including the effects of overcast skies.
Implications of the present work are discussed and may lead to a better understanding of light-managing
components in solar cells as well as a new class of solar simulator that provides both the same spectrum and
spatial coherence as direct sunlight. © 2015 Optical Society of America
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1. INTRODUCTION

Multi-junction solar cells, which divide or selectively respond
to portions of the solar spectrum, are the highest-efficiency
cells ever produced [1]. However, spectral control is only a
partial solution toward maximizing efficiency [2]; a comple-
mentary method for higher performance is the use of light-
managing structures that capture or redirect light [3–12].

Light management can increase efficiency in single- and
multi-junction cells, but the device behavior will depend on
both the spatial coherence and the bandwidth of the incoming
light [13]. The behavior of rectenna solar cells has similar
dependencies [14,15]. It is therefore necessary to fully charac-
terize the spectral variation of the spatial coherence of sunlight.
We refer to devices whose behavior depends on spatial coher-
ence as coherent photovoltaics or co-PVs.

The spatial coherence of direct terrestrial sunlight (sun-
shine) was first considered in the 19th century by Verdet
[16]. Much more recently the machinery of modern coherence
theory was applied to the calculation of the spectral degree of
spatial coherence expected from sunshine by Agarwal et al. [17]

and found to essentially match Verdet’s expectation. Indeed,
the mutual intensity of sunshine, a broadband quantity that is
related to the spectral degree of coherence [18], was sub-
sequently measured by Mashaal et al. [19] and found to sub-
stantially agree with the expectation [20]. However, the
calculations of Agarwal et al. are based on a uniform sphere
model and therefore ignore real optical effects such as solar
limb darkening.

While the previous measurements demonstrate agreement
with the theory in the broadband case, the spectral degree of
coherence, which considers each spectral component sepa-
rately, has not been measured. Further, if co-PVs are to be used
in real applications, it is necessary to understand the spatial
coherence of sunlight under non-ideal weather conditions as
well as to establish a spatial coherence standard for device test-
ing. Here, we present the first interferometric measurements of
the transverse spectral degree of coherence of both direct sun-
shine and diffuse terrestrial sunlight, where the Sun is obscured
by clouds or fog. In this context, transverse indicates that the
coherence function is measured in a plane whose normal vector
points directly toward the center of the Sun.
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Our measurements are performed using the method illus-
trated in Fig. 1. The method involves non-parallel slits and its
working principles have been described previously [21]. The
measurements are precise enough to distinguish between
the expectations of uniform and limb-darkened incoherent
spheres. To demonstrate the precision of the measurements,
we compare our findings with those expected by theory as ap-
plied to hyperspectral solar limb darkening measurements
made by Neckel and Labs [22]. We also present a measure-
ment of the spectral degree of coherence of light emitted by
a solar simulator, establishing the need for a spatial coherence
standard in co-PV device testing.

To provide context to the measurements and their practical
use, we present the theory of the spectral degree of coherence
of sunlight beyond the transverse case and/or under a uni-
formly cloudy sky. Unless sophisticated tracking methods
are used, a photovoltaic cell is generally never in a plane whose
normal vector points directly toward the center of the Sun.
Consequently, a description of how the coherence properties
of sunlight vary with the position of the Sun in the sky relative
to a fixed device plane is important to predict the behavior of
co-PVs at different times in the day. We provide an expression
that derives any non-transverse spectral degree of coherence
function in terms of the measured transverse function. Having
established these results, we discuss how to apply them to the
simulation of co-PV devices.

2. PROBLEM STATEMENT

Spatial coherence is a measure for the correlation between op-
tical fields in different locations of space. More specifically, we
are interested in measuring the degree of spatial coherence,
η�r⃗1; r⃗2;ω�, which gives a scalar description of the statistical
correlation between the fields with frequency ω at locations
r⃗1 and r⃗2. In the following we will refer to η�r⃗1; r⃗2;ω� as
the spectral degree of coherence [23]. In general, a degree
of coherence can be described between any pair of field com-
ponents for any pair of points in space. A rigorous description
of second-order coherence is given by a 3 × 3 covariance matrix
known as the cross-spectral density (CSD) matrixW�r⃗1; r⃗2;ω�
(see Mandel and Wolf [24], Sect. 6.6.1). The CSD matrix is
directly applicable to the numerical simulation of light propa-
gating in a solar cell (see Implications). However, the spectral

degree of coherence can be more easily measured and provides
evidence for the structure of a theoretical CSD matrix.

The spectral degree of coherence can be defined in terms of
the CSD matrix as [23]

η�r⃗1; r⃗2;ω�≔
Tr�W�r⃗1; r⃗2;ω��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Tr�W�r⃗1; r⃗1;ω��
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Tr�W�r⃗2; r⃗2;ω��
p ; (1)

where Tr denotes the matrix trace. The two-slit apparatus illus-
trated in Fig. 1 provides a simple and robust measurement of η
as defined by Eq. (1) (see Appendix A). We note that alterna-
tive definitions of the spectral degree of coherence exist that
take all elements of W into account [25]. However, the use
of Eq. (1) is justified by the facts that direct and cloud-diffused
sunlight are unpolarized [26] and therefore Eq. (1) represents
the essential elements of W. Partially polarized skylight (blue
sky) is discussed as a separate case in Appendix E.

For scalar fields, the van Cittert-Zernike theorem has been
traditionally used to calculate the CSD of sunshine (see Born
and Wolf [27], Sect. 10.4.2). For electromagnetic fields, the
general case can be calculated using an angular spectrum of
plane waves propagating within a solid angle σ subtended by
the source at the device plane. Under the assumption of
angularly uncorrelated and unpolarized plane waves the
CSD matrix is given by [28,29]

W�r⃗1; r⃗2;ω�≔hE⃗��r⃗1;ω�E⃗⊺�r⃗2;ω�i

�
Z
σ
a�û;ω��U3 − ûû⊺� exp�ikû · r⃗�dΩ; (2)

where E⃗ is the random electric field column vector;

û � − sin θ cos ϕx̂ − sin θ sin ϕŷ − cos θẑ

is the unit vector that specifies the propagation direction of a
plane wave (θ and ϕ represent polar and azimuthal spherical
coordinates, respectively); the vectors ĵ�j � x; y; z� are the unit
column vectors along the coordinate axes (see Fig. 2(a));
dΩ≔ sin θdθdϕ is the differential solid angle; k≔ω∕c is the
wavenumber; r⃗≔r⃗2 − r⃗1; U3 is the 3 × 3 identity matrix;
a�û;ω� is, up to a constant, the average power spectral density
per unit solid angle of waves traveling with frequency ω in the
û direction; � indicates complex conjugate; ⊺ indicates vector
transpose; and the angle brackets indicate an ensemble
average over monochromatic field realizations. Equation (2)
immediately implies, under the given assumptions, that
W�r⃗1; r⃗1;ω� � W�r⃗2; r⃗2;ω� and that W�r⃗1; r⃗2;ω� is a func-
tion of r⃗ alone such that we can write W�r⃗ ;ω� and η�r⃗ ;ω�
in their respective places. For a very distant source, the func-
tion a�û;ω� is given by the power spectral density distribution
of the source that is apparent from the origin (see Novotny and
Hecht [30], Sect. 3.4).

In general, the device plane shown in Fig. 2(a) can have an
arbitrary orientation with respect to the source. We first con-
sider the special case of a device plane that is transverse to a
circularly symmetric source, that is, z in Fig. 2(a) passes
through the center of the source. For this case we denote

Fig. 1. Illustration of the experimental measurement procedure.
Broadband light from the source passes through a pair of non-parallel
slits creating an interference pattern on a detector.
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the spectral degree of coherence as η⊥, or the transverse spectral
degree of coherence. Due to rotational symmetry, η⊥�r⃗ ;ω� is a
function of r≔jr⃗j alone and can be written η⊥�r;ω�. Later, we
will consider an arbitrarily oriented device plane and express η
in terms of η⊥ and orientational angles.

In the following we will distinguish between two different
types of sources, direct sunshine and diffuse sunlight. The
latter corresponds to a uniformly bright, cloudy sky. We model
this situation with a spatially incoherent half-shell source
whose radius is large, surrounding the device plane (see
Fig. 2(b)). The origin of the device plane is placed at the center
of the half-shell. The spectral degree of coherence in this case is
given by (see Appendix B) [23,31]

ηs�r⃗ ;ω� �
sin�kjr⃗j�
kjr⃗j : (3)

This result indicates that, for a spatially incoherent half-shell
source, the spatial coherence length along any direction at the
center of the shell is on the order of one wavelength of
the light.

Light illuminating the device plane is in general a mixture of
direct and diffuse sunlight. We model this situation as the
combination of a disk and a half-shell source, as shown in
Fig. 2(b). Consequently, the spectral degree of coherence is
given by (see Appendix C)

η�r⃗ ;ω� � sd
sd � ss

ηd �r⃗ ;ω� �
ss

sd � ss
ηs�r⃗ ;ω�; (4)

where sd and ss represent the spectral densities in the device
plane due to the disk and shell, ηs is given by Eq. (3) and
ηd is the spectral degree of coherence in the disk-only case
as defined by Eqs. (1) and (2). Introducing the parameter
γ≔sd∕�sd � ss�, we can rewrite the equation above as

η�r⃗ ;ω� � γηd �r⃗ ;ω� � �1 − γ�ηs�r⃗ ;ω�: (5)

In the next section we will use a simple experimental pro-
cedure to measure η in the transverse plane and compare the
results with the theoretical model, Eq. (5).

3. EXPERIMENTAL RESULTS

We have fabricated a pair of non-parallel slits to measure the
transverse spectral degree of coherence of i) direct sunshine, ii)
light emitted by a solar simulator, and iii) diffuse sunlight (see
Appendix A for materials and methods).

i) Direct sunshine: Figure 3 shows the measured and calcu-
lated transverse spectral degree of coherence η⊥�r;ω� for direct
sunshine with wavelength λ between points separated by a
distance r. Both the amplitude and phase of η⊥ are shown.
The theoretical maps were calculated by applying Eqs. (1) and
(2) to hyperspectral measurements of solar limb darkening
[22] (see Appendix D). The excellent agreement of the two am-
plitudes is made clear by the cross sections, given in Fig. 4(a),
along the lines indicated in Figs. 3(a) and 3(c) corresponding
to a wavelength of 510 nm. For the phase we obtain similar good
agreement (Fig. 4(b)), aside from inconsequential offsets of
integer multiples of 2π.

We emphasize that the measured and calculated amplitudes
do not strictly agree with previous theoretical estimates based

Fig. 2. Illustration of the theoretical model. (a) An plane wave propa-
gating along the û direction is emitted from the corresponding position
on a distant source σ. Positions r⃗1 and r⃗2 lie in the device �x; y� plane.
(b) A cutaway illustration of a combined disk-shell source. The device
plane is illuminated by diffuse light (half-shell source) with spectral
density as�û;ω� and by direct sunlight (disk source centered at r⃗0) with
spectral density ad �û;ω�. The front portion of the half-shell has been
removed to reveal the origin.
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Fig. 3. Measured and calculated transverse spectral degrees of coher-
ence η⊥ of direct sunshine. Amplitude (a) and phase (b) of the transverse
spectral degree of coherence measured by the double slit apparatus.
Amplitude (c) and phase (d) of the spectral degree of coherence calculated
by Eqs. (1) and (2) as applied to hyperspectral images of the Sun.
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on the uniform incoherent sphere model [17]. The coherence
amplitude function expected from a spatially uniform incoher-
ent sphere source is shown in Fig. 4(a). The disagreement is
minor; the estimate has an error of at most 10% for separations
below 80λ and gets better for longer wavelengths. This result
shows that solar limb darkening only weakly affects the coher-
ence properties of sunlight at visible frequencies.

Our measurements of η⊥ given in Fig. 3 can be used to
derive a measure for the coherence length. For example, defin-
ing the coherence length L⊥ as the slit separation for which the
amplitude of η⊥ decays to 1∕2, we find that L⊥ � 80λ for
direct sunshine.
ii) Solar simulator: The transverse spectral degree of coher-

ence was also measured with a solar simulator source. Typically,
such a simulator is used to test the performance of photovoltaic
devices that are placed within a test area (device plane) where
the power spectral density of the light approximately matches that
of direct sunshine. It is evident that the measured η⊥ of simulated

sunlight, shown in Fig. 4(a), does not match the sunshine case.
This serves to highlight the fact that the power spectral density at
the device plane should not be the only consideration in solar
simulator design. For solar cells whose performance depends
on the coherence properties of light, a simulator should be used
that renders both the correct power spectral density and the cor-
rect spatial coherence.

The requirements on such a simulator follow from Eq. (2):
the source should not only have the same spectrum as the Sun
but its size and shape should also be matched to render the
same spatial coherence as sunshine. A hyperspectral set of im-
ages recorded from the point of view of the test area would
appear identical to a hyperspectral set of images of the Sun,
except perhaps for a global intensity scaling factor. As previ-
ously discussed, a uniform disk/sphere source approximates
the spatial distribution of the Sun fairly well. Consequently,
wavelength-dependent limb darkening can be safely dismissed
in solar simulator design unless a very high degree of accuracy
is required in measuring the device performance relative to that
under direct sunshine.
iii) Diffuse sunlight: The measurements of diffuse sunlight are

given in Fig. 5. In each case, the sky was completely and uni-
formly covered by clouds or fog in such a way that the position
of the Sun was still discernible. Notably, the positions of the
amplitude minima in the spectral degree of coherence remain
unchanged under each measured weather condition while other
aspects of the function change significantly. This fact is also borne
out in the phase information as given in Fig. 4(b), where the steps
in phase occur invariably at the same distances. Of interest is the
behavior of the spectral degree of coherence relative to the direct
sunshine case. From the inset in Fig. 5 it is noticeable that, in each
diffuse case, the degree of coherence appears to be simply offset
vertically from the direct sunshine case. This implies that the co-
herence functions in the diffuse cases can be described as fractions
of the direct function, as implied by Eq. (5).

Indeed, the measurements in the diffuse case are well fitted
by Eq. (5). The second term on the right-hand side of the
equation falls off quickly and is negligible for r > 5λ, where
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Fig. 4. Transverse spectral degree of coherence η⊥ at 510 nm for vari-
ous sources. The amplitude of η⊥ is shown in (a) and the phase in (b).
The inset in (a) shows jη⊥j on a logarithmic scale. The measured and
calculated curves relating to sunshine in both (a) and (b) correspond
to cross sections along the respective lines given in Figs. 3(a-d).
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Fig. 5. Amplitude of the transverse spectral degree of coherence (jη⊥j)
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logarithmic sale. The direct sunshine case corresponds to the measured
curve given in Fig. 4(a).
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r � jr⃗2 − r⃗1j is the distance between points in the transverse
plane. Then, ignoring the second term, Eq. (5) can be approxi-
mated by γη⊥�r;ω�. Thus, the simple relationship between
the diffuse cases and the direct function becomes clear.
This approximation was used with a value γ � 0.45 in
fitting the first fog case. The fit and measurement overlap
significantly.

The second fog measurement was taken two minutes after
the first using a slightly different system (see Appendix A). In
this case, a peak-like feature related to the second term on the
right-hand side of Eq. (5) becomes visible in the lowest slit
separation region. This feature is significantly wider than ex-
pected by the second term. The discrepancy between the sec-
ond fog measurement and the second term in Eq. (5) is due
simply to the fact that the diffused light was not truly uniform.
In reality, the brightness of the fog fell off for positions away
from the Sun. This factor effectively narrowed the spatial dis-
tribution of the source and thus widened the part of the co-
herence function due to diffused light. However, even given
this discrepancy, it is clear that the spatial coherence length
is greatly reduced in the diffuse case as compared to the direct
sunshine case. For example, using the same definition for the
coherence length L⊥ as before, we find for the second fog case
L⊥ � 7λ as given by Fig. 5. This length is expected by Eq. (5)
to be as low as λ∕3 in the extreme (γ � 0) case.

4. ARBITRARILY ORIENTED DEVICE PLANE

We proceed by describing how, in the solar disk-only case, the
cross spectral density Wd �r⃗1; r⃗2;ω� and spectral degree of co-
herence ηd �r⃗1; r⃗2;ω� between points in an arbitrarily oriented
device plane can be given in terms of the transverse functions
W⊥�r⃗ ;ω� and η⊥�r;ω�, where r⃗≔r⃗2 − r⃗1 and r≔jr⃗j. We as-
sume a spatially incoherent, broadband source that appears cir-
cularly symmetric (but not necessarily uniform) from the
origin. We define the set of rectangular coordinate axes
x; y; z such that r⃗1 and r⃗2 lie in the x–y plane and the center
of the source is located at position r⃗0, with polar angle θ0 and
azimuthal angle ϕ0 (see Fig. 2(b)). We assume that the source
is far from the device plane such that jr⃗0j is much larger than r.

Now, by applying the appropriate rotation matrix to the
cross-spectral density in the transverse case, we can find the
cross-spectral density and spectral degree of coherence between
any two points in the device plane. Let M�θ0;ϕ0�≔
Rz�ϕ0�Ry�θ0� where Ri�φ� is a rotation about the i axis by
angle φ as given by the right-hand rule. Then, as shown explic-
itly in Appendix D, Wd and ηd can be expressed as

Wd �r⃗1; r⃗2;ω� ≈MW⊥�M⊺r⃗ ;ω�M⊺ exp�−ikrp�; (6)

and

ηd �r⃗1; r⃗2;ω� ≈ η⊥�r
ffiffiffiffiffiffiffiffiffiffiffi
1 − p2

q
;ω� exp�−ikrp�; (7)

where p≔ sin θ0 cos�ϕ0 − ϑ�, ϑ≔ arctan�r⃗ · ŷ; r⃗ · x̂�, and
arctan�y; x� is the four-quadrant inverse tangent. The functions
W⊥�r⃗ ;ω� and η⊥�r;ω� describe, respectively, the cross-spectral
density and spectral degree of coherence in the transverse plane

(the θ0 � 0, sunshine-only case), the latter of which is given in
Fig. 3. We note that the degree of coherence between points in
the transverse plane is a function of only ω and the distance r
between the points; fields of this type are known as Schell-
model fields [32].

Coherence functions in the general case: We now con-
sider a device plane that is oriented obliquely to the transverse
plane and illuminated by both diffuse and direct sunlight. As
before, we model this situation as the combination of a disk
and a half-shell (see Fig. 2(b)).

By the additive nature of the cross-spectral density for
mutually-incoherent sources, and by Eqs. (3), (5), (6), and
(7) we find

W�r⃗1; r⃗2;ω� ≈Wd �r⃗1; r⃗2;ω� �Ws�r⃗1; r⃗2;ω�; (8)

and

η�r⃗1; r⃗2;ω� ≈ γη⊥�r
ffiffiffiffiffiffiffiffiffiffiffi
1 − p2

q
;ω�e−ikrp � �1 − γ� sin�kr�

kr
; (9)

where Ws is the cross-spectral density in the device plane due
to the uniform half-shell (explicit expressions for W⊥ and Ws
are given in Appendix D).

Equations (8) and (9) are the main results of this section.
They state that the cross-spectral density and spectral degree of
coherence between two points in a device plane can be de-
scribed by their relative distance (r), their orientation with re-
spect to the Sun (θ0;ϕ0; ϑ), the transverse coherence functions
of direct sunshine (W⊥, η⊥), the frequency (ω), and the ratio
(γ) between the spectral densities in the device plane due to the
Sun and a uniform cloud cover or fog. Using Eq. (9)
together with our experimental results for η⊥ we can derive
the spectral degree of coherence in an arbitrarily oriented
device plane.

5. IMPLICATIONS FOR THE SIMULATION OF
COHERENT PHOTOVOLTAICS

In general, the electromagnetic field impinging on a device is
not a plane wave but rather it fluctuates randomly in time and
space. The average response of a device is thereby an ensemble
average of responses to random field realizations. In simulating
devices, it is not enough to consider the response under plane
wave illumination; a rigorous treatment requires that they be
simulated under realizations of the full field. The cross-spectral
density matrix W is a particular measure for the statistics of
these realizations. In fact, W as given by Eq. (8) can be
used to directly generate realizations of the field [33]. Another
method for generating realizations, as implied by Eq. (2), is to
use a Monte Carlo simulation in which plane waves with ran-
dom polarization, phase, and wave vector are coherently
superposed.

For devices with a linear response, the requirements for real-
istic simulations become more relaxed. For some ensemble
averaged observable B�ω� (absorption, external quantum effi-
ciency, etc.), we can write [34]
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B�ω� �
Z
σ
a�û;ω�χ�û;ω�dΩ; (10)

where a, σ, and dΩ are as before (see Problem Statement and
Appendix D). χ is the generalized linear susceptibility that cor-
responds to the observable B and describes the response of the
system to unpolarized plane waves traveling in the û direction
with frequency ω. Simply, the device can be simulated under
illumination by plane waves of different wave vectors and
polarizations and the responses to these waves can be
linearly summed with the proper weight to determine the
overall response. Implementation of Eq. (10) is therefore com-
patible with simulation modalities that consider plane wave
illumination.

It is also possible, from knowledge of the dielectric suscep-
tibility of the scattering medium and the CSDmatrixW of the
incoming light, to determine the power spectral density distri-
bution of light within a device. Such a calculation would in-
volve propagating W into the device [13,35] and using the
basic equations for scattering in random media (see Mandel
and Wolf [24], Sect. 7.6) to determine the power spectrum.

6. CONCLUSIONS

We have used a double slit aperture, in which the slit separa-
tion slowly varies, to measure the transverse spectral degree of
coherence of direct sunshine, sunlight diffused by clouds or
fog, and light emitted by a solar simulator. The results in the
direct case were compared to those expected by theory as
applied to hyperspectral image data and found to agree.
The results are precise enough to distinguish the true transverse
spectral degree of coherence of direct sunlight from the uni-
form disk approximation. It was shown that, in general, the
uniform disk approximation is very close to the measured
function.

We have shown that the spectral degree of coherence in a
plane that is arbitrarily oriented with respect to a circularly
symmetric source, such as the Sun, can be derived given the
transverse spectral degree of coherence. A simple model was
also developed to describe the spectral degree of coherence
under overcast skies. This model was shown to accurately fit
the diffuse sunlight measurements in the transverse case. Fur-
ther, an intuitive set of requirements was provided for the de-
sign of a solar simulator with spatial coherence properties
similar to those of the Sun.

We have also described a method by which simulations of
co-PVs can include the effects of partial coherence. For linear
devices, an ensemble average of plane wave responses is suffi-
cient. For non-linear devices, a rigorous treatment includes an
ensemble average of the device response to random realizations
of the field. We have also shown that, for devices with effective
dimensions on the order of a few wavelengths or less, direct
sunlight can be approximated as spatially coherent. However,
this is not true for overcast skies where the coherence function
falls off quickly within these dimensions. This implies that fu-
ture co-PV designs should take into account the spatial coher-
ence of sunlight, especially if the components are expected to
be used under cloud cover. Additionally, co-PVs should be

tested under a spatial coherence standard such that fair com-
parisons may be made between different devices.

APPENDIX A: MATERIALS AND METHODS

Measurement apparatus: The measurement procedure has
been described previously in Ref. [21]. The measurements
were performed using a stock Nikon DX-format camera sensor
placed at a distance of 6.19 cm behind non-parallel slits, as
shown in Fig. 1. The slit separation varies from 10 to 300 μm.
6.19 cm is sufficient to be in the far-field of the two slits to-
gether but still in the near-field of the long dimension of each
slit. Consequently, diffraction can be approximated as taking
place only along the direction that connects the two slits and
the resulting interference pattern describes an ensemble of si-
multaneous Thompson-Wolf experiments [36]. The spectral
degree of coherence is recovered by combining information
from the interference pattern with power spectra as measured
by the same device. Technically, Ref. [21] provides a method
to measure the spectral degree of coherence μ�r⃗1; r⃗2;ω� of a
scalar field. However, under comparison with Ref. [23], it
is clear that the same method measures the spectral degree
of coherence η�r⃗1; r⃗2;ω� of an electromagnetic vector field.

Direct sunlight: Our measurement of direct sunlight was
performed by recording only two images, one to measure the
spectrum and one to measure the spectral degree of coherence.
The first image, to measure the spectrum, is of an interference
pattern created by illuminating the slits with sunshine reflected
from a small, distant mirror. The second image is of an inter-
ference pattern created behind the aperture by direct sunshine.
By using the first image to normalize the second, as described
in [21], the transverse spectral degree of coherence can be mea-
sured. The measurement was made on 22 March 2013 in
Zurich, Switzerland. A solar semi-diameter of 16.1 minutes,
corresponding to 15 March 2013 [37], was used in the calcu-
lation of the theoretical maps. The uniform disk source calcu-
lation was also made assuming a 16.1 minute semi-diameter.

Solar simulator: The simulator consists of a xenon arc-
lamp with air-mass 1.5 optical filters. Our measurement
method for the solar simulator source is similar to that of the
direct sunshine case. The coherence image was recorded at the
device plane and the spectral image was recorded at a distance
of 2 m from the source. Further, since the simulator source
subtended a significant solid angle at the device plane, an extra
post-processing step was required beyond those described in
[21]: the spectral image was deconvolved from the coherence
function image. This allowed for the retrieval of the point-
spread function that, when projected along one dimension
and convolved again with the spectrum image, gives the result
that would be expected in the limit of very long slits and a
Schell-model coherence function. The lowest spatial frequency
components of the point-spread function were obscured in the
particular images that were recorded. These components were
recovered by extrapolation using a polynomial fit of higher fre-
quency components.

Diffuse sunlight: For diffuse sunlight we chose a simpler
measurement procedure. The transverse spectral degree of
coherence corresponding to a wavelength of 510 nm was
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obtained by recording only a single image. The slits were
placed behind a narrow-band-pass optical filter centered at
510 nm and the equal time degree of coherence j����r� was
found using the method described in [21] and directly equated
to the spectral degree of coherence via an equation first derived
by Wolf [38]: μ�r;ω0� � j����r�, where ω0 is the center fre-
quency of the optical bandpass filter. This method was used, as
opposed to that used for measuring direct sunshine, because it
requires only a single image to be recorded and avoids the com-
plication of a time-varying spectral density of the source. In the
second fog measurement, a 4x telescope was used to decrease
the apparent size of the Sun from the point of view of the slits.
The use of a telescope in this fashion is equivalent to a reduc-
tion in the slit-to-slit separation by a factor of 4. Consequently
the minimum available separation was reduced from 10
to 2.5 μm.

APPENDIX B: A HALF-SHELL SOURCE

Here we consider a uniform, hemispherical, incoherent shell
source, which is a simple model for cloud cover. The result
given in Eq. (3) has been derived by Beran and Parrent
[31] and Korotkova and Wolf [23]. The same result can also
be found by applying Eq. (1) to the explicit expression for the
cross-spectral density given by Blomstedt et al. [29]
(see Eq. (D7)).

Beran and Parrent consider the cross-spectral density on the
surface of a volume composed of classical isotropic radiators.
They show in Eqs. (4)–(51) that, for a shell source, the
spectral degree of coherence in the device plane is given by
Eq. (3). Korotkova and Wolf apply Eq. (1) to the
cross-spectral density matrix given by Mehta and Wolf
[39]. While the cross-spectral density matrix given by Mehta
and Wolf [39] differs from that given by Blomstedt et al. [29],
they both return the same expression for the spectral degree of
coherence as defined by Eq. (1).

APPENDIX C: A COMBINED DISK-SHELL SOURCE

Here we discuss the derivation of Eq. (4). Returning to Eq. (2),
we consider a spectral density distribution given by
a�û;ω�≔ad �û;ω� � as�û;ω�, where ad �û;ω� is the spectral
density distribution of the disk and as�û;ω� is the spectral
density distribution of the shell, as shown in Fig. 2(b), and
we have assumed very distant sources. Then W�r⃗1; r⃗2;ω� �
Wd �r⃗1; r⃗2;ω� �Ws�r⃗1; r⃗2;ω�, where Wd and Ws are the
cross-spectral densities that would be found for the disk
and shell alone, respectively. Let sd �ω�≔Tr�Wd �r⃗1; r⃗1;ω�� �
Tr�Wd �r⃗2; r⃗2;ω�� and ss�ω�≔Tr�Ws�r⃗1; r⃗1;ω�� �
Tr�Ws�r⃗2; r⃗2;ω��, where sd and ss represent the spectral
densities at r⃗1 and r⃗2 (the spectral density at both points
is the same under these conditions) due to the disk
and shell, respectively. Then, by Eq. (1), ηd �r⃗1; r⃗2;ω� �
Tr�Wd �r⃗1; r⃗2;ω��∕sd �ω� and ηs�r⃗1; r⃗2;ω� � Tr�Ws�r⃗1;
r⃗2;ω��∕ss�ω�. Since Tr�A� B� � Tr�A� � Tr�B�, this leads
directly to Eq. (4).

APPENDIX D: THE CROSS-SPECTRAL DENSITY
OF DIRECT AND DIFFUSE SUNLIGHT

Here we derive expressions for the cross-spectral density and
spectral degree of coherence of direct and diffuse sunlight. For
the solar disk centered on the z axis, a�û;ω� � Θ�θd −
θ�aθ�θ;ω� for some function aθ�θ;ω� where Θ�x� is the
unit-step function and θd is the angular semi-diameter of the
source. Under the uniform disk approximation, aθ�θ;ω� �
a0�ω� where a0�ω� represents a power spectral density of
the disk per unit solid angle. In the more accurate limb-
darkened case, a good approximation is given by
aθ�θ;ω� � a0�ω�

P
5
n�0 An�ω�ψ�θ�n, where

ψ�θ�≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 θd − sin

2 θ
p

sin θd
(D1)

and each An�ω� represents a coefficient that can be 2-D inter-
polated from solar limb-darkening data (see Ref. [22], Table 1).
In either case Eq. (2) gives

W�r⃗1; r⃗2;ω� ≈ exp�−ikẑ⊺r⃗�
Z

θd

0

Z
2π

0

aθ�θ;ω��U3 − ûû⊺�

× exp�ikσ⃗ · ρ⃗� sin θdϕdθ; (D2)

where σ⃗≔ − sin θ cos ϕx̂ − sin θ sin ϕŷ, ρ⃗≔U2r⃗, U2≔x̂x̂⊺�
ŷŷ⊺, and we have used the small angle approximation
cos θ ≈ 1. The approximation is justified by the fact that the
angular semi-diameter θd of the Sun is always less than 16.5
arcminutes ≈0.0048 radians [37]. In the transverse plane, r⃗1
and r⃗2 have no z component which implies a definition for the
transverse cross-spectral density

W⊥�r⃗ ;ω�≔
Z

θd

0

Z
2π

0

aθ�θ;ω��U3 − ûû⊺�

× exp�ikσ⃗ · ρ⃗� sin θdϕdθ; (D3)

which further implies

W�r⃗1; r⃗2;ω� ≈ exp�−ikẑ⊺r⃗�W⊥�r⃗ ;ω�: (D4)

W⊥ itself implies a definition for the transverse spectral degree
of coherence η⊥�r⃗ ;ω�≔Tr�W⊥�r⃗ ;ω��∕Tr�W⊥�~0;ω��.

The general case of a solar disk centered at polar angle θ0
and azimuthal angle ϕ0 (see Fig. 2(b)) can be found using the
rotation matrix

M�θ;ϕ�≔Rz�ϕ�Ry�θ�

�
0
@

cos ϕ cos θ − sin ϕ cos ϕ sin θ

cos θ sin ϕ cos ϕ sin ϕ sin θ

− sin θ 0 cos θ

1
A: (D5)

The rotation of a vector field F⃗�r⃗� using a rotation
matrix R is given by RF⃗�R⊺r⃗�. Since W�r⃗1; r⃗2;ω� �
hE⃗��r⃗1;ω�E⃗⊺�r⃗2;ω�i, the general solar disk case Wd is found
by applying M�θ0;ϕ0� to Eq. (D4), after noting that the
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z component of both r⃗1 and r⃗2 is zero in the device plane,
which gives Eq. (6).

An explicit expression for W⊥ can be found under the uni-
form disk and small angle approximations by straightforward
application of the method given by Blomstedt et al. [29],
Appendix A, and is given to second order in θd by

W⊥�r⃗ ;ω� ≈ 2πad �ω�
��

θd
J1�α�
β

− θ2d
J2�α�
β2

�
U2

�2θ2d
J2�α�
β2

ẑ ẑ⊺ � iθ2d
J2�α�
β

�ρ̂ẑ⊺ � ẑρ̂⊺�
�
; (D6)

where α≔kρθd , β≔kρ, ρ≔jρ⃗j, ρ̂≔ρ⃗∕ρ, each J i is a Bessel
function of order i, and ad is the appropriate power spectral
density for direct sunlight (see Fig. 2(b)). From the above
equation it is clear that η⊥�r⃗ ;ω� is a function of ρ alone, that
is, η⊥�r⃗ ;ω� can be written as η⊥�ρ;ω�; this can be shown to
hold in general for any circularly symmetric source and the
function η⊥�ρ;ω� is given for sunshine (denoted η⊥�r;ω�)
in Fig. 3. Finally, combining the facts that r � ρ � jU2r⃗j
in the transverse plane, jU2r⃗j → jU2M⊺r⃗j under rotation,
and that the matrix trace is invariant under similarity transfor-
mations, Eq. (7) follows immediately from Eq. (6).

For reference, Ws is given by Blomstedt et al. [29],
Eq. (D4), as

Ws�r⃗1; r⃗2;ω� � 2πas�ω�
��

j0�β� −
j1�β�
β

�
U3

� j2�β�ρ̂ρ̂⊺ � i
J2�β�
β

�ρ̂ẑ⊺ � ẑρ̂⊺�
�
; (D7)

where each ji is a spherical Bessel function of order i and as is
the appropriate power spectral density for diffuse sunlight. The
equation above has a sign change in front of the imaginary
term relative to the expression given by Blomstedt et al.
due to a difference in definitions of coordinate axes.

APPENDIX E: THE CROSS-SPECTRAL DENSITY
MATRIX OF PARTIALLY POLARIZED SKYLIGHT

Here we discuss the CSD matrixWy due to partially polarized
skylight alone. We begin by noting that skylight is relatively
minor compared to direct sunlight in contributing to the total
power that strikes the surface of the Earth, making up about
10% of the total under the AM 1.5 standard [40]. Although
polarized, skylight is expected to be angularly uncorrelated as it
originates from a single scattering of sunlight [26]. This allows
Wy to be decomposed, with knowledge of the spatial distribu-
tion of the degree and direction of polarization (see Bohren
[26], section 3), into two separate matrices, Wp and Wu,
which correspond to the CSDs of completely polarized and
unpolarized skylight, respectively. These matrices would be
added to the right-hand side of Eq. (8), and Ws removed,
in order to take pure skylight into account. The use of
Eq. (2) is sufficient for calculating Wu but not Wp. To calcu-
late Wp one can use the more general expression given by
Blomstedt et al. [29], Eq. (4).
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